We compute the axial and pseudoscalar form factors of the nucleon in the Dyson-Schwinger approach. To this end, we solve a covariant three-body Faddeev equation for the nucleon wave function and determine the matrix elements of the axialvector and pseudoscalar isotriplet currents. Our only input is a well-established and phenomenologically successful ansatz for the nonperturbative quarkgluon interaction. As a consequence of the axial Ward-Takahashi identity that is respected at the quark level, the Goldberger-Treiman relation is reproduced for all current-quark masses. We discuss the timelike pole structure of the quark-antiquark vertices that enters the nucleon matrix elements and determines the momentum dependence of the form factors. Our result for the axial charge underestimates the experimental value by 20 − 25% which might be a signal of missing pion-cloud contributions. The axial and pseudoscalar form factors agree with phenomenological and lattice data in the momentum range above Q 2 ∼ 1 . . . 2 GeV 2 .
I. INTRODUCTION
The nucleon's axial and pseudoscalar form factors are of fundamental significance for the properties of the nucleon that are probed in weak interaction processes. Their momentum dependence can be experimentally tested by (anti)neutino scattering off nucleons or nuclei, charged pion electroproduction and muon capture processes; see [1] [2] [3] for reviews. Both form factors are experimentally hard to extract and therefore considerably less well known than their electromagnetic counterparts. Precisely measured is only the low-momentum limit g A of the axial form factor which is determined from neutron β-decay. Planned experiments at major facilities are expected to change this situation in the near future.
The theoretical calculation of the nucleon's axial and pseudoscalar form factors requires genuinely nonperturbative methods. Chiral perturbation theory has been successful in this respect [1, 4, 5] although it is generally limited to the region of low momentum transfer. Recent studies in lattice gauge theory are getting closer to the physical pion mass region [6] [7] [8] but finite-volume effects become increasingly important. Another nonperturbative approach is the one via functional methods, in particular Dyson-Schwinger equations (DSEs) and Faddeev equations. The basic idea here is to start at the level of the Green functions for quarks and gluons and construct hadronic bound states from corresponding Bethe-Salpeter equations (BSEs) and Faddeev equations [9] [10] [11] . Those bound states are subsequently probed by the respective currents to yield the form factors of interest. One of the important advantages of this approach is its direct access to the substructure of mesons and baryons at all momentum scales and values of the current-quark mass. In principle such a setup is ideal to identify mechanisms that are responsible for the wealth of experimental phenomena associated with the study of hadrons.
The study of axial and pseudoscalar form factors in the functional approach has so far been limited to an approximation where the nucleon is treated as a bound object of a quark and a diquark that interact via quark exchange [12, 13] . The entire gluonic substructure appears here only implicitly within the dressing of quark and diquark propagators as well as diquark vertex functions. There are several conceptual issues that complicate the treatment of form factors in the quark-diquark model. First, the requirement of current conservation induces the appearance of intricate 'seagull' diagrams [14] . Such terms have been taken into account for electromagnetic form factors, but their implementation in the case of axial form factors has not yet been possible for technical reasons [13] . Second, to comply with chiral Ward identities, a current-conserving quark-diquark model requires vector diquarks in addition to the usual scalar and axialvector diquark degrees of freedom [15] . Such an elaborate treatment of the quark-diquark model has not yet been performed.
The situation is somewhat different when the nucleon is treated as a genuine three-body problem. The resulting Faddeev equation in rainbow-ladder truncation has been solved only recently for the nucleon and ∆ masses [16, 17] , and the corresponding nucleon electromagnetic form factors have been calculated in Ref. [18] . Here the currents couple to the fully dressed quark propagators only and thereby provide a clean access to the underlying quark and gluon substructure, without the additional complications of the quark-diquark model. In the present work we dwell on this advantage and determine the nucleon's axial and pseudoscalar form factors in the three-body approach.
The paper is organized as follows. In Sec. II we summarize the details of the three-body Faddeev framework and specify the effective quark-gluon coupling that serves as a model input in our calculation. We furthermore discuss the structure of the axial and pseudoscalar vertices arXiv:1111.2614v1 [hep-ph] 10 Nov 2011 that are central for our calculation of the respective form factors. Here we made additional progress in determining these vertices explicitly from their inhomogenuous BetheSalpeter equations instead of the model ansätze that were used in previous works [13] . In Sec. III we briefly discuss the various interrelatons between the axial, pseudoscalar and pion-nucleon form factors and the resulting Goldberger-Treiman relation. Our results are presented in Sec. IV and we conclude in Sec. V. Throughout this paper we work in Euclidean momentum space and flavor-SU (2) in the isospin-symmetric limit m u = m d .
II. FADDEEV FRAMEWORK
Our goal is to compute the matrix elements of the axialvector and pseudoscalar isotriplet currents
in the nucleon. The σ k represent the three Pauli matrices in SU (2) . The nucleon matrix elements obtained from Eq.
(1) are expressed in terms of three Lorentz-invariant form factors that depend on the momentum transfer Q 2 . The axial form factor G A (Q 2 ) and induced pseudoscalar form factor G P (Q 2 ) parametrize the axialvector current, whereas the pseudoscalar form factor G 5 (Q 2 ) determines the pseudoscalar current. We will discuss the respective decomposition in detail in Section III.
The computation of these form factors in the DysonSchwinger framework necessitates a quark-level picture of the nucleon current matrix elements. In the following subsections we will outline a description where all ingredients of the current diagrams are computed selfconsistently once the quark-(anti-)quark interaction is specified. The nucleon's bound-state amplitude as solution of the covariant Faddeev equation is discussed in Section II A and the ansatz for the kernel and corresponding equation for the dressed quark propagator in Section II B. The construction of the nucleon's current matrix elements is described in Section II C, and in Section II D we detail the properties of the axialvector and pseudoscalarvertices that enter the form factor diagrams.
A. Covariant Faddeev equation
The starting point of the covariant bound-state approach is the three-quark Green function G, as well as its three-quark connected and amputated counterpart, the scattering matrix T that is defined via
Here, G 0 = S ⊗ S ⊗ S denotes the disconnected contribution to G, i.e., the product of three dressed quark propagators. In order to keep the discussion transparent, we will frequently resort to a symbolic notation where DiracLorentz, color and flavor indices as well as momentum dependencies are suppressed, and the products in Eq. (2) and related equations are understood as four-momentum integrations over all internal loop momenta. The Green function G satisfies a scattering equation, which is the nonperturbatively resummed Dyson series
and the equivalent relation for the T −matrix reads
The input in both equations is the three-quark kernel K that will be detailed below. Baryons in QCD appear as poles in the scattering matrix T . Such a pole defines a baryon bound state on its mass shell P 2 = −M 2 , where P is the total baryon momentum and M is its mass. The scattering matrix at the pole assumes the form
and thereby defines the baryon's covariant bound-state amplitude Ψ, with Ψ being its charge conjugate. At the pole, Eq. (4) reduces to a homogeneous bound-state equation for the amplitude Ψ:
The three-body kernel K contains a three-quark irreducible contribution K [3] and the sum of permuted twoquark kernels K (a) , where the subscript a denotes the respective spectator quark. The first step in constructing a feasible ansatz for K is to disregard irreducible three-quark interactions such as, in the simplest case, those originating from a three-gluon vertex that connects all three quark lines. Omitting K [3] in Eq. (6) yields the covariant Faddeev equation which traces the binding mechanism of three quarks in a baryon to its quark-quark correlations. It is illustrated in Fig. 1 , where we have already anticipated the gluon-exchange interaction that will be motivated in Section II B. The Faddeev equation reads explicitly:
Here, K (a) abbreviates the renormalization-group invariant product of two dressed quark propagators and the remaining two-quark kernel K: where {a, b, c} is an even permutation of {1, 2, 3}. The covariant nucleon amplitude Ψ carries three spinor indices {α, β, γ} for the valence quarks and one index δ for the spin-1/2 nucleon. It depends on two relative momenta p and q and the total nucleon momentum P , where
For details on the kinematics and notation, as well as the solution method, we refer the reader to Refs. [16, 18, 19] .
It is noteworthy that Poincaré covariance allows for a rich spin and quark orbital angular-momentum structure in the three-quark Faddeev amplitude. Specifically, the nucleon's bound-state amplitude consists of 64 covariant basis elements which can be classified in sets of s−, p− and d−waves in the nucleon's rest frame [16] . While the nucleon ground state is dominated by s−waves, a gluonexchange interaction generates ∼ 30% p−wave admixture in the nucleon's canonical normalization, and d−waves contribute roughly 1% [18] .
B. Quark propagator and qq kernel
The kernel (8) of the covariant Faddeev equation includes the two crucial ingredients that relate the properties of hadrons to the underlying structure of QCD: the dressed quark propagator S(p) and the two-quark kernel K which is irreducible with respect to apair. Repeating the steps (4-6) in the quark-antiquark channel yields the homogeneous Bethe-Salpeter equation (BSE) for a meson that involves the quark-antiquark analogue of the kernel K. The same interaction thereby enters bothandbound-state equations which emphasizes the close connection between meson and baryon properties in our approach.
To ensure the pion's nature as the Goldstone boson of spontaneous chiral symmetry breaking, the axial-vector Ward-Takahashi identity (AXWTI) must be satisfied. The AXWTI entails a massless pion in the chiral limit and leads to a generalized Gell-Mann-Oakes-Renner relation [20, 21] , and it poses a constraint on the construction of the kernel K by relating it with the kernel of the quark DSE, cf. Eq. (40) . The simplest kernel to satisfy that constraint is the rainbow-ladder truncation which amounts to
where
2 is a transverse projector with respect to the gluon momentum k and Z 2 is the quark renormalization constant. Eq. (9) describes an iterated dressed-gluon exchange between quark and antiquark that retains only the vector part ∼ γ µ of the quark-gluon vertex. Its non-perturbative dressing, together with that of the gluon propagator, is absorbed into an effective coupling α(k 2 ) which is modeled. There have been various attempts to go beyond the rainbow-ladder truncation by employing different strategies. While Refs. [22] [23] [24] [25] [26] analyzed infrared and pioncloud contributions in the quark-gluon interaction directly from the vertex DSE, Refs. [11, 27, 28] use a Ward-Takahashi identity for the Bethe-Salpeter kernel as a guidance for vertex models. These approaches have been quite successful in the light meson sector but their implementation for baryons is still hampered by technical difficulties. For this reason we restrict ourselves to the well-established rainbow-ladder kernel of Eq. (9) . Its main drawback appears in the form of missing pion-cloud contributions which are important for the form factors in the chiral and low-momentum region [18, 29] . This issue is discussed in more detail in section IV.
The second ingredient in the Faddeev kernel is the dressed quark propagator. It is expressed in terms of two scalar functions, the quark wave-function renormalization 1/A(p 2 ) and the quark mass function M (p 2 ):
The quark propagator satisfies the quark DSE whose interaction kernel includes the dressed gluon propagator as well as one bare and one dressed quark-gluon vertex. In rainbow-ladder truncation that kernel becomes identical to Eq. (9) and the quark DSE reads
The bare current-quark mass m 0 is related to the renormalized current mass m q via
where the quark-mass and wave-function renormalization constants Z m and Z 2 are determined self-consistently in the process of solving the quark DSE. The current-quark mass constitutes an input of the equation and can be readily varied from the chiral limit up to the heavy-quark regime. Dynamical chiral symmetry breaking becomes manifest in the quark DSE if the kernel K supplies sufficient interaction strength. The consequence is a nonperturbative enhancement of the quark mass function M (p 2 ) at small momenta that indicates the dynamical generation of a constituent-quark mass scale. In principle, such strength would be generated through a selfconsistent DSE solution for the gluon propagator and quark-gluon vertex that enter Eq. (11); see, e.g., [10, 11] and references therein. In rainbow-ladder that effect is provided by the effective coupling α(k 2 ) which we choose from Ref. [30] as
The second term is only relevant at large gluon momenta where it dominates and is constrained by perturbative QCD, i.e., it preserves the one-loop renormalization group behavior of QCD for solutions of the quark DSE:
with Λ t = 1 GeV, Λ QCD = 0.234 GeV, and γ m = 12/25. The first term provides the necessary strength at small and intermediate momenta that triggers the transition from a current-quark to a dynamically generated constituent quark. It is characterized by two parameters 2 : an infrared scale Λ that represents the scale of dynamical chiral symmetry breaking, and a dimensionless width parameter η.
In combination with the interaction of Eq. (13), the rainbow-ladder truncation has been frequently used in Dyson-Schwinger studies of hadrons. By setting the scale Λ via the experimental pion decay constant, the approach describes pseudoscalar-meson, vector-meson, nucleon and ∆ ground-state observables reasonably well, see e.g. [32] [33] [34] [35] and references therein. In addition, their properties are insensitive to a variation of the infrared shape of the coupling [30, 34] which is controlled by the parameter η.
C. Nucleon current
After having specified the basic ingredients that enter the description of baryons in the bound-state approach, we turn to the question of resolving the nucleon matrix elements of the currents in Eq. (1) in terms of QCD's non-perturbative Green functions. A systematic construction of the nucleon's axial and pseudoscalar current in the three-quark framework is provided by the 'gauging of equations' method of Refs. [36] [37] [38] . It was previously applied to derive the electromagnetic current in the quark-diquark model [14, 39] as well as in the present three-quark setup [18] , and a recent computation of the pseudoscalar N − ∆ transition current is based on that procedure as well [40] . Moreover, the approach can be generalized to yield a quark-level description of generalized parton distributions [41] and a variety of hadronic scattering processes [42] . Since the method is not partial to the type of the involved current, we can simply adopt the derivation in Ref. [18] to the case investigated here.
The coupling of an external current to a baryon amounts to 'gauging' thescattering matrix T . That operation acts as a derivative, i.e., it is linear and satisfies Leibniz' rule, and we formally denote it by a superscript [µ] . The current J
[µ] is the residue of the gauged scattering matrix T
[µ] at the hadron's bound-state pole:
are in-and outgoing baryon amplitudes with different momentum dependencies. From the derivative property
T , in combination with Eqs. (4-5), one derives the general expression for a baryon's nonperturbative current. It is the gauged inverse T-matrix sandwiched between the bound-state amplitudes:
In the second step we have exploited Eq. (4),
and defined the 'three-body' vertex
as the gauged disconnected inverse propagator product. To arrive at Eq. (16), we have eliminated the inverse kernels that appear in Eq. (17) by inserting the bound-
The resulting expression for the current matrix element involves the same elements that appear in the boundstate equation (6), namely the dressed quark propagator and the three-quark kernel K.
The question remains what 'gauging' of S −1 and K means at the quark level. Microscopically, the axialvector and pseudoscalar couplings to the quark are represented by the respective quark-antiquark vertices Γ [µ] . We can identify them with the gauged inverse quark propagator, i.e., S
, and correspondingly:
is obtained by applying the Leibniz rule to Eq. (6). In rainbow-ladder truncation, where the three-body irreducible contribution to K is neglected and the two-body −
FIG. 2. (Color online)
The two types of diagrams (modulo permutations) which contribute to the nucleon's three-body current in rainbow-ladder truncation, Eqs. (16) and (19) .
kernel is modeled by gluon exchange, only the direct couplings to the quarks remain. Then, the ingredients of Eq. (16) become
where the quark labels {a, b, c} are again an even permutation of {1, 2, 3}. The resulting current is illustrated in Fig. 2 and consists of an impulse-approximation diagram and another contribution that involves the gluonexchange kernel. These diagrams are worked out in detail in App. B.
Here we find another practical advantage of the rainbow-ladder truncation: due to the structure of Eqs. (16) and (19) , all ingredients of the nucleon's current are already specified, namely by the ansatz (9) alone. This is also true for the dressed axialvector and pseudoscalar vertices that appear in Fig. 2 , and we will discuss them in the following subsection.
D. Axial and pseudoscalar vertices
In order to compute the form factor diagrams of Fig. 2 we need to specify the dressed pseudoscalar and axialvector quark-antiquark vertices, i.e., the 'gauged' quark propagators, that enter the diagrams. Their properties have been established and discussed in detail in Refs. [11, 20, [43] [44] [45] . Since they have a direct correspondence with the nucleon's axial and pseudoscalar form factors, we find it useful to recollect some of these features here and also draw attention to a few properties that are perhaps less well-known.
We can express the coupling of a dressed quark to a current with pseudoscalar, vector or axialvector tensor structure Γ 0 , with
by the quark-antiquark vertex Γ [µ] , where the gauging index characterizes the type of Γ 0 . The vertex depends on two momenta, the relativemomentum k and the total momentum Q (see Fig. 3 ). We consider isotriplet currents with flavor matrices σ k /2, cf. Eq. (1). The vertex Γ [µ] can be defined as the contraction of the quarkantiquark four-point function G with Γ 0 :
where we have exploited Eq. (2) in the quark-antiquark case, and G 0 = S ⊗ S is here the product of two dressed quark propagators. This relation is illustrated in Fig. 3 . The scattering equation (4) immediately yields an inhomogeneous BSE for Γ [µ] ,
which allows to compute the vertex for a given kernel K.
The quark-antiquark scattering matrix T incorporates all meson poles, and on the mass shell Q 2 = −m 2 M for a meson with mass m M it assumes the form
where Ψ M defines the meson's homogeneous bound-state amplitude. The central feature that will have an impact on the momentum structure of hadron form factors is the fact that these poles, via Eq. (21), also appear in the vertex Γ [µ] , cf. Fig. 3 :
This is true as long as the bound-state wave function G 0 Ψ M has a component in the direction of Γ 0 , which is expressed by the residue
For example, the pseudoscalar vertex Γ 5 contains all pseudoscalar meson poles, and the quark-photon (i.e., vector) vertex Γ µ inherits the vector-meson poles. The respective residues for the pion and the ρ−meson are given by [20, 43] 
where f π and f ρ are the pion and ρ−meson leptonic decay constants and m q is the renormalized current-quark mass.
Turning to the axialvector vertex Γ µ 5 , it is advantageous to write the vertex as a sum of purely transverse and longitudinal contributions with respect to the total momentum Q: whereas the longitudinal part Γ 5,L contains pseudoscalar poles. This can be seen from inserting
together with the decomposition (28) into Eq. (21), upon which the equation decouples:
From Eq. (25) one infers that the longitudinal tensor component γ 5 / Q can overlap with pseudoscalar pole structures encoded in T , for example the pion's bound-state wave function, and that overlap is just the definition of the pion decay constant [20] :
Thus, Γ 5,L will exhibit pseudoscalar poles at timelike values of the total momentum-squared Q 2 , and axialvector poles will appear in Γ µ 5,T . Similarly, the inhomogeneous axialvector BSEs (22) for those two vertices decouple as well, and the longitudinal equation is identical to the pseudoscalar BSE except for the different driving term
The pole behavior will therefore be recovered in the solution of the inhomogeneous BSEs, and by implementing these vertices in the axial current of the nucleon, it will translate to the nucleon's axial form factors in the timelike region, cf. Section III.
The precise relation between the pseudoscalar vertex and the longitudinal part of the axialvector vertex is expressed by the AXWTI which reads in the flavor-triplet case:
where k ± = k±Q/2 are the two quark momenta. Eq. (32) entails that the pseudoscalar poles on the left-hand side must compensate each other, and that the longitudinal part of the axialvector vertex is completely specified by the pseudoscalar vertex and the dressed quark propagator alone.
The AXWTI can be made explicit in a given basis decomposition of the vertices. The transverse part of the axialvector vertex involves eight tensor structures which can be chosen as [46] :
where the f i (k 2 , k · Q, Q 2 ) are scalar dressing functions and γ µ T , k µ T are transverse with respect to the photon momentum Q. The angular prefactors k ·Q were attached to guarantee positive charge-conjugation parity (for quarks with equal mass), so that the vertex carries the quantum numbers J P C = 1 ++ . The factors i ensure that all dressing functions are real if k 2 ∈ R + and Q 2 ∈ R. Likewise, the longitudinal part can be decomposed as
and an analogous decomposition holds for the pseudoscalar 0 −+ vertex:
The AXWTI (32) yields the following relations between the components of Γ 5,L and Γ 5 which are valid for all current-quark masses:
Here, A(k 2 ) and B(k
are the dressing functions of the inverse quark propagator
, and we used the abbreviations
with F ∈ {A, B}.
In the limit Q 2 → 0, regularity leads to an additional relation between the longitudinal and the transverse dressing functions in Eqs. (33) (34) :
and thereby correlates four of the eight dressing functions of the axial-vector vertex with those of the pseudoscalar vertex via Eq. (36). For instance, one obtains at Q 2 → 0:
With Eqs. (24) and (26), the chirallimit behavior of the pseudoscalar vertex then becomes Γ 5
where Ψ π is the pion's canonically normalized boundstate amplitude, with the same structure as Eq. (35) except for the flavor convention σ k instead of σ k /2. This yields the well-known chiral-limit relation between the dominant pion dressing function and the scalar dressing of the quark propagator [20] :
These considerations finally provide a quick way to check the Gell-Mann-Oakes-Renner relation which is already implicit in Eq. (26) . If Eq. (31) defines the pion decay constant, equating the residues of the vertices Γ 5,L and Γ 5 in the AXWTI (32) yields the quoted value for r π in Eq. (26) . On the other hand, the trace with Z 4 iγ 5 in (26) filters out the dominant component of the pion's wave function G 0 Ψ π which, in the chiral limit, satisfies a relation analogous to Eq. (39), except that the inverse dressing B(k 2 ) is replaced by the scalar dressing of the quark propagator itself. Its integrated version is just the quark condensate, i.e., the trace over the chiral-limit quark propagator.
While the properties discussed so far are exact in QCD, a practical calculation of the vertices Γ µ 5 and Γ 5 from the inhomogeneous BSE (22) requires an ansatz for the kernel K to operate with. Since the characteristics of the pion as the Goldstone boson of spontaneous chiral symmetry breaking are intimately related with the AXWTI, it is vital that any kernel ansatz complies with that relation. Through the inhomogeneous BSE (22) , the AXWTI can be reformulated as a relation between the dressed quark propagator and thekernel K:
where Σ(k) is the quark self-energy (not to be confused with the function Σ F from above) that appears in the quark DSE (11):
Eq. (40) and analogues thereof can be used as a construction principle for suitable kernel ansätze [47, 48] , and it is not difficult to prove that the relation is preserved by the rainbow-ladder kernel of Eq. (9).
We further recall that similar considerations apply for the quark-photon vertex Γ µ whose longitudinal part, defined in analogy to Eq. (28), must reproduce the electromagnetic Ward-Takahashi identity:
Thus, the longitudinal part of the vector vertex is completely fixed by electromagnetic gauge invariance, i.e. by the dressed quark propagator alone. Combined with the analyticity requirement at Q 2 = 0, Eq. (41) leads to the Ball-Chiu construction for the vertex [46] , augmented by a purely transverse term that includes an array of vectormeson poles. Upon implementation in the form factor diagrams, the latter is responsible for the timelike pole structure in electromagnetic form factors and the underlying reason for vector-meson dominance. Similarly to Eq. (40), the electromagnetic WTI can be formulated as a relation between thekernel and the quark selfenergy:
which is also satisfied by the rainbow-ladder kernel and consequently by the vector vertex as a solution of its inhomogeneous BSE.
We have now collected all ingredients for solving the inhomogeneous Bethe-Salpeter equations for the axialvector and pseudoscalar vertices. They take the explicit form
where the integrals on the right-hand side are given by
with the rainbow-ladder kernel K from Eq. (9). Since the rainbow-ladder truncation obeys the AXWTI per construction, the relations (36-37) for the resulting vertex dressing functions are numerically satisfied to high accuracy. With the axialvector and pseudoscalar vertices obtained from Eqs. (43), all building blocks of the nucleon current matrix element in Eq. (16) are now specified. To summarize, the gauging method provides in combination with Eq. (21) a systematic and intuitive way of computing hadronic matrix elements of local quark currents. If a current Γ 0 probes a hadron, it does so via Eq. (16), i.e., the interaction is resolved in a coupling to the quarks and the kernels (which are microscopically again resolved into a coupling to quarks). The interaction of the current with the dressed quark is described by Eq. (21) which amounts to the sum of a pointlike part plus all possible reaction mechanisms between quark and antiquark which constitute the T-matrix. In practice, the latter part is accessible by resumming the full vertex via solving its inhomogeneous BSE. We finally note that Eq. (16) is valid for arbitrary kernel ansätze. Thus, if the two-and three-body kernels are known diagrammatically, the method can be applied for implementing interactions beyond rainbow-ladder as well.
III. AXIAL AND PSEUDOSCALAR FORM FACTORS
We continue by discussing the implications of the relations collected in Section II D for the axialvector and pseudoscalar current matrix elements in the nucleon. The axialvector current is characterized by two form factors: the axial form factor G A (Q 2 ) whose value at zero momentum transfer is the nucleon's axial coupling constant g A , and the induced pseudoscalar form factor G P (Q 2 ). They constitute the nucleon matrix elements of the axialvector current in Eq. (1) via
where P i and P f are the incoming and outgoing nucleon momenta, Q = P f − P i is the momentum transfer, P = (P i + P f )/2 is the average momentum, and M is the nucleon mass. A further possible structure proportional to P µ is forbidden by charge-conjugation invariance. Instead of nucleon spinors we use the positive-energy projectors Λ f,i + = (1 +/ P f,i )/2, so that Eq. (45) is a matrix in spinor space. Similarly, the pseudoscalar current is parametrized by the pseudoscalar form factor G 5 (Q 2 ):
It is instructive to split the axialvector current (45) into purely transverse and longitudinal contributions with respect to the momentum transfer Q. Inserting the transverse γ−matrix from Eq. (29), together with the relation Λ
where τ = Q 2 /(4M 2 ). G P and G L are related via
and analyticity for G P at vanishing momentum transfer requires G L (0) = G A (0). The relations of Section II D directly translate to the nucleon level since the form-factor diagrams of Fig. 2 are identical in the axialvector and pseudoscalar cases except for the type of vertex that is involved. Thus, the properties of thevertices Γ µ 5,T , Γ 5,L and Γ 5 are reflected in the form factors G A , G L and G 5 , respectively. For timelike values Q 2 < 0, the axial form factor G A must inherit the transverse axial-vector poles encompassed in Γ µ 5,T , whereas the pseudoscalar pole structure will appear in both G L and G 5 . Eq. (48) implies that the induced pseudoscalar form factor G P will inherit both pseudoscalar and axial-vector poles.
On the pion's mass shell, the residue of the pseudoscalar form factor G 5 is the pion-nucleon coupling constant which can be made explicit by defining
with
This is the analogue of the vertex relations (24) and (26) at the form-factor level, and the missing factor 2 is a consequence of the flavor conventions: thevertices carry flavor matrices σ k /2 and the pion's bound-state amplitude a factor σ k .
The AXWTI (32) at the nucleon level becomes
and thereby relates the longitudinal with the pseudoscalar form factor [15, 49] :
Combined with the analyticity requirement for G P from Eq. (48), this yields the Goldberger-Treiman relation:
which is valid for all current-quark masses. Thus, the axial and pseudoscalar currents (45-46) are described by two independent form factors G A and G πN N which, at Q 2 = 0, are related via the Goldberger-Treiman relation. Implementing the AXWTI and the analyticity constraint explicitly, one can further define
so that the quantity R(Q 2 ) represents the deviation from the Goldberger-Treiman relation at non-zero momentum transfer. In that way the two currents are parametrized by two independent form factors G A (Q 2 ) and R(Q 2 ), or G πN N (Q 2 ) and R(Q 2 ). This yields for the induced pseudoscalar form factor via Eqs. (48) and (51):
If G P is expressed through G A , the form factor R enters in combination with m 2 π ; if G P is related to G πN N , it appears as the non-resonant remainder at the pion pole. The pion-pole dominance assumption which corresponds to R = 0 in Eq. (54) is therefore justified, at least in the low quark-mass region and the neighborhood of the pion pole. The contribution from R is however not necessarily small in Eq. (53) itself since that would entail the validity of the Goldberger-Treiman relation for all Q 2 . We finally recall that the 'Goldberger-Treiman discrepancy' in the usual sense is defined as
and measures the discrepancy of G πN N between Q 2 = 0 and the pion pole at a given current-quark mass, and thereby the distance from the chiral limit. 
IV. RESULTS AND DISCUSSION
Before discussing the results, let us briefly revisit the successive steps that are performed in the present calculation. Once the rainbow-ladder kernel is specified via Eqs. (9) and (13), we solve the Dyson-Schwinger equation (11) for the quark propagator, the covariant Faddeev equation (7) for the nucleon amplitude, and the inhomogeneous Bethe-Salpeter equations (43) (44) for the axialvector and pseudoscalar quark-antiquark vertices. These quantities enter the nucleon's current matrix elements (16) whose decomposition is illustrated in Fig. 2 . The explicit construction of the form-factor integrals is discussed in detail in App. B. The axial, longitudinal and pseudoscalar form factors G A (Q 2 ), G L (Q 2 ) and G 5 (Q 2 ) are finally extracted from the Dirac traces in Eq. (B16).
Within the rainbow-ladder truncation, the only model input in our calculation is the effective quark-gluon interaction from Eq. (13) . It depends on two infrared parameters, the scale Λ and the width parameter η. The calculation is carried out with fixed Λ = 0.74 GeV that is chosen to reproduce the experimental pion decay constant at the physical pion mass. The width parameter η = 1.8 ± 0.2 is a measure of the model uncertainty and leads to the colored bands in Figs. (4-6) . By modifying the current-quark mass that enters the quark DSE as an input, we can further study the quark-mass dependence of the form factors. The quark mass can be mapped onto the pion mass by simultaneously solving the BSE for the pion with the same input. The resulting values for the pion decay constant, the nucleon mass, and various other observables related to the axial and pseudoscalar currents are tabulated in Table I for three different pion masses. (29) is precisely known from neutron β decay [51] . Depending on the width parameter η in the quark-gluon interaction, our calculated result g A = 0.99(2) at the physical u/dquark mass underestimates that value by 20 − 25%. It also falls below recent lattice data but slowly increases with the pion mass and approaches the chiral expansion from Ref. [5] at higher quark masses.
The determination of g A in chiral perturbation theory has been notoriously difficult due to strong cancelations at leading and next-to-leading order in the chiral expansion [1, 4] . An important role in the nucleon's axial structure has been attributed to the ∆(1232) [52] [53] [54] . The implementation of pion loops with internal ∆ degrees of freedom in the chiral expansion produces indeed a relatively flat pion-mass dependence of g A [5] which is plotted in Fig. 4 for comparison. Lattice results for g A with pion masses below 300 MeV are now available [6] [7] [8] but have not been able to clarify the issue as they still underestimate the axial charge by 10 − 15%, cf. Fig. 4 . They are, however, strongly sensitive to finite-volume effects which has been interpreted as a signal of missing pion-cloud contributions on the lattice [55] .
A similar interpretation arises in the Dyson-Schwinger approach. From a microscopic point of view, pion exchange corresponds to a gluon resummation. While the pion's bound-state pole is recovered in thescattering matrix in rainbow-ladder truncation, which corresponds to a gluon resummation in the s-channel, pioncloud contributions are generated by t−channel pion ex- The input scale is chosen such that the pion decay constant fπ reproduces the experimental value at mπ = 138 MeV. The parentheses indicate the dependence on the infrared parameter η of Eq. (13) . mπ, fπ, MN and the axial mass mA are given in GeV, the remaining quantities are dimensionless.
change [26] whose relevant gluon topologies are not captured in rainbow-ladder. In fact, missing pion-cloud contributions have turned out to be the main source of discrepancy in the chiral and low-momentum structure of the nucleon's electromagnetic form factors computed in the present setup [18] . For example, the nucleon's isoscalar anomalous magnetic moment κ s , where leading-order chiral corrections cancel, is accurately reproduced by the Faddeev calculation; the nucleon charge radii underestimate the experimental values but converge with lattice data at larger quark masses; and the low-Q 2 behavior of the form factors shows missing structure whereas one finds reasonable agreement with experiment at larger Q 2 . These observations suggest to identify the rainbow-ladder truncated nucleon with the 'quark core' in chiral effective field theories. In the case of axial form factors it would imply that the discrepancy between our result for g A and its experimental value (and its chiral expansion) mainly owes to chiral cloud effects as well.
Irrespective of that, we find that the GoldbergerTreiman relation of Eq. (52) is satisfied quite accurately. The relation
is realized at the permille level at the physical u/d mass and still reproduced up to 1 − 2% at the largest quark mass where our numerical treatment becomes increasingly inaccurate. We note that a translationally invariant cutoff regularization in the quark DSE and vertex equations [44] turned out to be crucial in order to ensure its validity; a hard numerical integral cutoff leads to violations of several percent in Eqs. (37) and (56). This procedure also required a slight readjustment of the input scale Λ compared to Ref. [18] to reproduce the experimental pion decay constant.
As we have discussed in Sections II D and III, Eq. (56) is a direct consequence of the underlying dynamics. The rainbow-ladder kernel satisfies the AXWTI (32) by construction, and that property translates to the quark propagator, the quark-antiquark vertices, the nucleon bound-state amplitude and finally also to the form factor level. The Goldberger-Treiman relation entails that the same underestimation that is visible in Fig. 4 for the axial charge also occurs in G πN N (0). The experimental value for the pion-nucleon coupling constant is g πN N = 13.2 [56] , and from the Goldberger-Treiman relation one obtains the value G πN N (0) = 12.9 at vanishing momentum transfer. Our result G πN N (0) = 10.2 (3) underestimates that phenomenological value again by 20 − 25%, cf. Table I. B. Momentum dependence of GA While the axial coupling constant is determined from β decay, experimental data for the momentum dependence of G A (Q 2 ) have been obtained in quasielastic neutrino scattering off nucleons or nuclei and charged pion electroproduction [1] . The existing data can be parametrized by a dipole ansatz,
which determines the axial mass m A . The axial radius r A is obtained from the slope of the axial form factor at Q 2 = 0:
Inserting the dipole form yields m 2 A = 12/r 2 A , which can also be used to define the axial mass independently of the dipole parametrization.
Due to model-dependent extractions of G A from the respective cross sections, the experimental value of the axial mass is not well constrained. Pion electroproduction and older neutrino scattering experiments yield values around m A ∼ 1 GeV [1, 58] whereas recent data from MiniBooNE and K2K favor higher central values up to m A ∼ 1.3 GeV [59, 60] . The origin of this discrepancy is unclear and could be a consequence of nuclear medium effects [61] or a deviation from the dipole form [62] .
In the right panel of Fig. 4 we show our result for the quark-mass dependence of the axial radius r A and compare it to lattice data. The corresponding results for the axial mass m A = √ 12/r A are listed in Table I for three different pion masses. In contrast to g A , we find reasonable agreement with the lattice data throughout the current-mass range. The results are also compatible with experiment at the physical u/d mass as long as a We compare to a selection of lattice results at different pion masses [7, 8, 57] . The dashed line with the hatched area in the plot for GA is the experimental dipole form (57) with an axial mass mA = 1.15 ± 0.15 GeV. The phenomenological curve for GπNN (Q 2 ) is obtained from the dipole ansatz for GA by assuming the validity of the Goldberger-Treiman relation for all Q 2 , i.e., Eq. (53) with R = 0.
somewhat larger experimental value for the axial mass is assumed, i.e., m A 1.2 GeV.
The Q 2 −evolution of G A is depicted in Fig. 5 and compared to lattice results and the phenomenological dipole parametrization of Eq. (57). At low Q 2 , our result underestimates the lattice data and the dipole curve whereas they converge above Q 2 ∼ 1 . . . 2 GeV 2 . This is again a similar behavior as in the case of electromagnetic form factors, and it might indicate missing chiral cloud effects in the low-momentum region. From that point of view, our calculation favors again a somewhat larger experimental value for the axial dipole mass since for smaller values of m A the dipole curve will fall below our result already in the low-Q 2 region.
In general, the low-Q 2 behavior of the form factors is dominated by their timelike singularity structure. This feature is quite transparent in the Dyson-Schwinger approach where it is induced by meson poles in the vertices at timelike Q 2 which have their origin in thescattering matrix, cf. Eqs. (23) (24) . While the relevant mass scale in the case of electromagnetic form factors is the ρ−meson, G A corresponds to the transverse part of the axialvectorvertex Γ µ 5,T which has meson poles in the axialvector (J P C = 1 ++ ) isovector channel. Thus, the axial mass will be dominated by the properties of the axialvector meson a 1 (1260) and, to some extent, also by its radial excitations.
While we cannot directly access the form factors for timelike values of Q 2 without a complex continuation in the Faddeev amplitude, computing thevertices at timelike momenta is unproblematic. From that we can conclude that our result for G A must exhibit a pole at
. Thus, if G A were to follow a perfect dipole form, our calculated axial mass would coincide with the result for m a1 obtained in the same setup. The mass of the a 1 meson is considerably underestimated in rainbowladder truncation, with m a1 = 0.90(1) GeV depending on the parameter η; see Refs. [45, 63] for a comprehensive collection of ground-state and excited meson masses in rainbow-ladder. This deficiency is well known and corrections beyond rainbow-ladder can be held accountable for it [11, 25] . On the other hand, our result for the axial mass extracted from the axial radius (58) is m A = 1.28 (6) GeV which implies that G A shows a sizeable deviation from the dipole parametrization. It is instructive to revisit the current-mass dependence of G A (Q 2 ) in view of these considerations. We note that the calculated ratio m a1 /M N decreases only slowly with the quark mass, cf. Table I . A weak current-mass dependence of dimensionless ratios is realized for various observables in the Dyson-Schwinger approach [64] and can be traced back to the interplay of the two scales, Λ and m q , that enter the calculation of hadron properties. Λ represents the scale of dynamical chiral symmetry breaking and enters the definition of the rainbow-ladder interaction (13) . It controls the chiral regime and, with the exception of the pion mass, entails a chiral-limit scaling of hadron masses with Λ [65] . When increasing the current-quark mass m q , the impact of dynamical chiral symmetry breaking diminishes since it is roughly quarkmass independent, and hadron masses scale with m q .
A weak dependence of m a1 /M N on the quark mass implies that the pole position of the a 1 −meson in the variable Q 2 /M 2 , and therefore the overall shape of the form factor G A as a function of Q 2 /M 2 , will be insensitive to a change in the current-quark mass. We find indeed that the Q 2 /M 2 −behavior of the form factor G A in Fig. 5 does not appreciably change when going to higher quark masses. The same can be said about the lattice data of Refs. [6, 8] : when plotted over Q 2 /M 2 , the spread between the data obtained at various pion masses (of which only a subset at the lightest available pion masses are shown in Fig. 5 ) is significantly reduced, and they fall at a relatively narrow band that agrees well with the dipole parametrization at the physical point. Similar properties have been observed for various other form factors, e.g., the electromagnetic form factors of the nucleon [18] and the ∆ resonance [66] . Of course, genuine chiral features such as non-analyticities stemming from the pion cloud and the opening of decay channels would lead to a deviation from this behavior; however, such features are not captured by our present truncation.
C. Pseudoscalar form factor GπNN
We now turn to the strong pseudoscalar form factor G πN N (Q 2 ) which is extracted from G 5 (Q 2 ) upon removing the pion pole contribution, cf. Eq. (49) . The form factor is not directly observable except at the onshell point Q 2 = −m 2 π , where it reproduces the pion-nucleon coupling constant g πN N .
The observations from the previous subsection can be carried over here. The pole structure in the 0 −+ pseudoscalar vertex that enters the form factor diagrams entails that G πN N is dominated by the properties of the first radial excitation of the pion, i.e., the π(1300). Its mass in rainbow-ladder truncation is ∼ 1.1 GeV, with a current-mass dependence similar to that of the a 1 meson [67, 68] . As a consequence, the form factor G πN N as a function of Q 2 /M 2 shows again a similar behavior throughout the current-mass range.
In the right panel Fig. 5 we show the momentum dependence of G πN N at the physical point. The phenomenological band denotes the continuation of the Goldberger-Treiman relation (52) to non-zero Q 2 using the dipole parametrization for G A . The previous considerations make clear that there is no reason for the Goldberger-Treiman relation, which relates G πN N and G A at Q 2 = 0 due to analyticity, to hold at non-zero momentum transfer. The properties of both form factors are dominated by different (pseudoscalar and axialvector) meson poles with no inherent connection. Nevertheless, one would still expect a qualitatively similar spacelike behavior of the form factors since the masses of the a 1 (1260) and π(1300) are sufficiently close and share a similar quark-mass dependence. Fig. 5 illustrates that our result for the pseudoscalar form factor deviates indeed from the Goldberger-Treiman relation at Q 2 > 0 whereas it is compatible with the lattice data of Ref. [57] . In Table I we also show the result for the pion-nucleon coupling constant g πN N at three different quark masses. We obtain it by extrapolating G πN N from spacelike momenta to Q 2 = −m 2 π . Since the pion mass vanishes in the chiral limit and follows the Gell-Mann-Oakes-Renner relation (m 2 π ∼ m q ) at small quark masses, the location of Q 2 = −m 2 π will shift to larger timelike values upon increasing the quark mass. The form factor G πN N (Q 2 /M 2 ) depends only weakly on the quark mass, and therefore g πN N will grow faster with increasing quark mass than the static value G πN N (0); see Ref. [40] for an analogous discussion of the ∆N π coupling constant. As a consequence, the Goldberger-Treiman discrepancy from Eq. (55), which measures the relative difference in G πN N between Q 2 = 0 and Q 2 = −m 2 π , rises with the squared pion mass, see Table I .
D. Induced pseudoscalar form factor GP
We conclude our analysis with the induced pseudoscalar form factor G P (Q 2 ) that enters the axial current of Eq. (45) . Experimental data for G P are sparse: its Q 2 −dependence can be extracted from pion electroproduction, whereas ordinary muon capture on the proton (µ − + p → ν µ + n) determines the induced pseudoscalar coupling constant g p :
where M µ is the muon mass. The recent value reported by the MuCap Collaboration, g p = 7.3 ± 1.1 [69] , is consistent with chiral perturbation theory but smaller than the previous world average [1, 2] . From Eqs. (48) and (54) it is clear that G P (Q 2 ) is dominated by the pion pole at Q 2 = −m 2 π . This implies that the pion-pole dominance assumption
describes the spacelike properties of the induced pseudoscalar form factor reasonably well. Such a behavior is clearly visible in our result shown in Fig. 6 . In particular, our underestimation of the axial charge g A translates to the induced pseudoscalar coupling constant and yields g P = 6.7(1). Since G P is the linear combination of the axial and longitudinal form factors G A and G L via Eq. (48), we can also infer information about its structure beyond the pion pole: namely, it must include all further pseudoscalar (0 −+ ) and axialvector (1 ++ ) pole structures as well.
In principle, the longitudinal form factor G L allows to check the validity of the AXWTI (51) that relates G L with the pion-nucleon form factor G πN N . Unfortunately we find that G L is rather sensitive to the angular dependencies in the nucleon's Faddeev amplitude. In the present numerical treatment, the nucleon amplitude is obtained from solving its Faddeev equation in the rest frame. In the form factor calculation, a 'Lorentz boost' to a moving frame amounts to a complex continuation of the amplitude's dressing functions in its angular variables which is usually implemented via Chebyshev expansions. Potential convergence problems with growing Q 2 can be alleviated by imposing a Q 2 -dependent cutoff in the Chebyshev expansion [18] . Even then, however, we find that the axial and pseudoscalar form factors at larger Q 2 are more sensitive to the numerics than their electromagnetic counterparts. This is especially true, even at low momentum transfer, for the longitudinal form factor G L (Q 2 ) which is numerically not well under control. While that numerical instability does not affect the behavior of the induced pseudoscalar form factor which is dominated by G A and the pion pole, it impedes a test of the AXWTI.
We want to emphasize that the problem could be entirely eliminated by solving the Faddeev equation in each boosted frame (i.e., at each Q 2 ) anew. That would allow for a clean determination of all three form factors G A , G P and G πN N up to Q 2 ∼ 7 . . . 9 GeV 2 without the need for analytic continuation in the angular variables. The upper Q 2 limit is due to the singularities in the quark propagators that appear in the integrands; it could be circumvented as well via residue calculus. However, these strategies are both numerically and conceptually challenging and beyond the scope of the present work.
V. CONCLUSIONS
We presented a calculation of the nucleon's axial and pseudoscalar form factors in the framework of DysonSchwinger and covariant Faddeev equations. We detailed the construction of the axial and pseudoscalar currents as well as their microscopic building blocks. All ingredients were computed selfconsistently within a rainbowladder truncation which describes the binding of the nucleon through iterated dressed gluon exchange between the quarks. Since pion-cloud effects are not implemented, our results represent the nucleon's quark core.
We analyzed the properties of the axial (G A ), induced pseudoscalar (G P ) and pion-nucleon form factor (G πN N ) from the underlying quark-antiquark vertices on which they depend. The spacelike structure of the form factors is connected to the properties of axialvector and pseudoscalar-meson poles in the timelike region. G A is dominated by the axialvector meson a 1 (1260) and its radial excitations; G P is governed by the pion pole, and G πN N is related to the π(1300). The GoldbergerTreiman relation follows as a consequence of the axialvector Ward-Takahashi identity and analyticity which are both satisfied at the quark-gluon level. There is however no obvious inherent connection between the form factors G A and G πN N at non-zero momentum transfer.
The form factor results at Q 2 = 0 underestimate the experimental values by 20−25% whereas they are consistent with the phenomenological dipole form for G A and the pion-pole dominance ansatz for G P at larger Q 2 . The nucleon's axial charge g A falls below the lattice data in the low quark-mass region and approaches the result from chiral effective field theory at larger pion masses. These features might be signals of missing pion-cloud effects in the chiral and low-momentum regions.
We encountered difficulties in reproducing the axialvector Ward-Takahashi identity beyond small Q 2 as it turned out to be quite sensitive to the numerical details of the Faddeev amplitude. A clean determination of the form factors at larger Q 2 would require a moving-frame solution of the Faddeev equation. This is numerically challenging and remains a task for future investigations. Moreover, in order to decide whether the missing structure in the form factors is indeed attributable to pioncloud effects, a consistent description of baryons beyond the rainbow-ladder truncation is necessary. Steps in that direction are planned. of the nucleon amplitude relate the permuted form-factor diagrams among each other via Eqs. (B13) below, such that it is sufficient to consider only one of the three permutations explicitly. In the following we choose a = 3, which corresponds to a coupling to the upper quark line as shown in Fig. 7 . We discuss the construction of the axialvector current J µ 5 ; the equations for the pseudoscalar current J 5 are completely analogous.
Starting with the flavor traces, the axialvector and pseudoscalarvertices come with flavor factors σ k /2 whereas the rainbow-ladder kernel is flavor-independent. Hence, the flavor trace in both a = 3 diagrams is given by
whereQ is the normalized momentum transfer, γ µ T is transverse to Q, and τ = Q 2 /(4M 2 ).
